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1 Introduction 


Some of the peculiar and beautiful properties of QCD in the low-energy regime can be explained 
with the help of the famous U{1)a anomaly equation. A conspicuous instance of this state 
of affairs is the occurrence of the interaction through instantons between left-handed quarks 
and right-handed antiquarks; a phenomenon which is heralded by the existence of the U{1)a 
anomaly. That interaction process provided the solution given in ref. [1] to the so-called U{1)a 
problem. Other instances that show the importance of the U{1)a anomaly in particle physics 
can be found in ref. [2]. 

Many are the pitfalls that one meets when constructing noncommutative gauge theo¬ 
ries [3, 4, 5, 6, 7]. In particular, it is not easy to build noncommutative held theories for 
SU{N) gauge groups. Alas! The Moyal product of two local inhnitesimal SU{N) trans¬ 
formations is not a local inhnitesimal SU{N) transformation [8]. Further, charges diherent 
from -|-1,0,—1 do not ht in the standard noncommutative setup as developed for U{N) 
groups [9, 10, 11]. These problems were addressed and given a solution in refs. [12, 13], 
where the appropriate framework was developed: the framework is based on the concept of 
Seiberg-Witten map. Both the noncommutative Standard Model [14] and the noncommuta¬ 
tive generalizations [15, 16] of the ordinary SU{5) and S'O(IO) grand unihed theories have 
been constructed within this framework. These noncommutative generalizations of ordinary 
theories are not renormalizable [17, 18], so that they must be formulated as ehective quan¬ 
tum held theories. A nice feature of these theories is that their chiral matter content make 
them free from gauge anomalies [19, 20]. The study of the phenomenological consequences 
of the noncommutative Standard Model has just begun: see refs. [21, 22, 23]. The reader is 
further referred to refs. [24, 25] for other noncommutative models that generalize the ordinary 
standard model and are formulated within the standard noncommutative framework for U{N) 
-not SU{N) - groups. Now a point of terminology: by noncommutative SU{N) gauge the¬ 
ories we shall mean held theories constructed, for SU{N) groups, within the framework in 
refs. [12, 13]. 

The U{1)a anomaly and its consequences have been intensively studied for nocommutative 
U{N) theories within the standard noncommutative setup, i.e., the Seiberg-Witten map is not 
used to dehne the noncommutative helds. The reader is referred to refs. [26, 27, 28, 29, 
30, 32, 33, 35] for further information. However, no such study has been carried out for 
noncommutative SU{N) gauge theories as yet. The purpose of this paper is to remedy this 
situation and work out the anomaly equation for the U{1)a canonical Noether current up 
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to second order in the noncommutative parameter h ~i.e., second order in 6'^‘' - and at the 
one-loop level. This is a highly non-trivial issue since already at hrst order in h there are 
candidates to the U{1)a anomaly whose Wick rotated space-time volume integral does not 
vanish for a general field conhguration with non-vanishing Pontriagin index. An instance of 
such candidates reads 

flpo- /il/i2At3M4T^^ [f f f 1 

^ J-J- IJ alllJ 112IJ.3J 

At second order in h the situation worsens. 

We shall also discuss the relationship, both at classical and quantum levels, between this 
canonical Noether current and other U{1)a currents that are the analogs of the U{1)a canon¬ 
ical Noether currents -see refs. [26, 27, 28, 29, 30]- that occur in noncommutative U{N) gauge 
theories with fermions in the fundamental representation. These analogs, unlike the canon¬ 
ical Noether current of the noncommutative SU{N) theory, are local -polynomials of the 
noncommutative fermion helds only. Barring a concrete instance, we shall not be able to give 
expressions for the U{1)a anomaly equation valid at any order in h since the type of Feynman 
integrals to be computed depends on the order in h. This was not the case for chiral gauge 
anomalies -see ref. [20]-, since there the gauge current is of the planar kind and, thus, the 
one-loop Feynman integrals to be worked out are of the same type at any order in h . We shall 
show besides that the nonsinglet chiral currents are conserved at the one-loop level and, this 
time, at any order in h. 

Our noncommutative SU{N) theory will be massless and will have Nf fermion flavours, 
all fermions carrying the same, but arbitrary, representation of SU{N). The generalization 
of our expressions to more general situations is achieved by summing over all representations 
carried by the fermions in the theory. The layout of this paper is as follows. The first section 
is devoted to the study, at the classical level, of the chiral symmetries of the theory and the 
corresponding conservation equations. In this section, we introduce as well several currents that 
are either conserved or covariantly conserved as a consequence of the rigid U{1)a symmetry of 
the action. In section two, we compute the would-be anomalous contributions to the classical 
conservation equations of these currents. In the third section, we discuss the conservation of 
the nonsinglet currents at the one-loop level. Then, it comes the section which contains a 
summary of the results obtained in this paper and where our conclusions are stated. In this 
last section we also adapt our results to 5'O(10) and U{1) noncommutative gauge theories. 
Finally, we include several Appendices that the reader may hnd useful in reproducing the 
calculations presented in the sequel. 
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2 Classical chiral symmetries and currents 

The classical action of the noncommutative SU{N) gauge theory of a noncommutative gauge 
held, , minimally coupled to a noncommutative Dirac fermion, T f , which we take to come 
in Nf havours, is given by 

Nf 

S= ^ (2.1) 

J 3 f=i 

denotes the held strength, — d^A^ — i[A^,Ay\^, and stands for the 

noncommutative Dirac operator, = 7^((9^ — i A^-k). The symbol -k denotes the Weyl- 
Moyal product of functions: 

fkg{x) = exp 

and [Afj^, A^]^ = A^ k A^ — A,^ k A^ . We shall assume that time is commutative -i.e., that 
6^^ = 0, i = 1, 2, 3 , in some reference system-, so that the concept of evolution is the ordinary 
one. Further, for this choice of 6'^‘' the action can be chosen to be at most quadratic in the 
hrst temporal derivative of the dynamical variables at any order in the expansion in h -see the 
paragraph after the next- and, thus, there is one conjugate momenta per ordinary held. This 
makes it possible to use simple Lagrangian and Hamiltonian methods to dehne the classical 
held theory and quantize it afterwards by using elementary and standard recipes. If time were 
not commutative the number of conjugate momenta grows with the order of the expansion in 
h and then the Hamiltonian formalism has to be generalized in some way or another [36, 37]. 
This generalization may ahect the quantization process in some nontrivial way and deserves 
to be analyzed separately, perhaps along the lines laid out in ref. [36]. 

The noncommutative helds A^ and Tj are dehned by the ordinary helds (i.e., helds on 
Minkowski space-time) -the gauge held- and tjjf -the Dirac fermion- via the Seiberg- 
Witten map. We shall understand this map as a formal series expansion in h: 

Au{x) = a^{x) + Y.n=i h'^ A^^\ep^,d„,ay\{x), 

^f{x) = ^f{x) + (x), (2.3) 

^f{x) = ^/(x) -h {MA)[Ypp^^a^^d„]'ipf) (x). 

Although the ordinary gauge held takes values on the Lie algebra, su{N) , of the group SU (iV), 
the noncommutative gauge held dehned in eq. (2.3) takes values on the enveloping algebra 
of su{N). Both Tj(a;) and 'ipfix) belong to the same vector space. Note that we made a 


( 2 . 2 ) 
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restrictive, although natural, choice for the general structure of the Seiberg-Witten maps above: 
the map for the gauge fields does not depend on the matter fields and the map for the fermion 
fields is linear in the ordinary fermion. Also note that A^^\d^^,dfj,ay\{x ), M(n) 
and (9o-, contains n-powers of 9^^ . On the other hand, 6*^'^, (9o-, and 

are differential operators of finite order: 

= MW[7A0^\a,]o + E'=i [ 7 ^ ■ ■ ■ 9^", 

The symbol * in the previous equation stands for complex conjugation. 

Using the results in ref. [38], it is not difficult to show that if = 0, i = 1,2,3, the 
Seiberg-Witten map in eqs. (2.3) and (2.4) can be appropriately chosen so that only the first 
temporal derivative, i9oaj, i = 1,2,3, of the ordinary fields a* occurs in the map and that, 
besides, only (9o-, depends on (9oaj; this dependence being linear. For this choice 

-or rather choices, see next paragraph- of the Seiberg-Witten map the action in eq. (2.1) has 
a quadratic dependence on dQtti and a linear dependence on doip at any order in h. Hence, 
standard Hamiltonian and path integral methods can be used to quantize the theory. This is 
not so if time were noncommntative. 

The Seiberg-Witten map is not nniqnely defined. There is an ambignity to it [39, 40, 41, 
13, 42, 43, 14, 15, 44]. At order h, we shall choose the form of the map that leads to the 
noncommntative Yang-Mills models, the noncommntative standard model and the noncom¬ 
mntative GUTS models of refs. [13, 14, 15], respectively. Thus we shall take and 
in eq. (2.3) as given by 

where f^u{x) = - i[a^, a^]. 

Several expressions -reflecting the ambignity issne- for the Seiberg-Witten map at order 

have been worked ont in several places [39, 13, 40, 45], bnt only in ref. [45] has the action 
been compnted at second order in h. Here we shall partially follow ref. [45] and choose the 
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following forms for A^ff^ and in eq. (2.3): 

- {f'ra, as}, dfsttf,} - 2i[d^aa, dsdpa^ + dsff^f,] 

{o-a, as} {f^/j,, 9p(is} {9pa^^ dsd^} }a^^ dsidj^a^ 4 “ ffS/i) 4 ~ sfpii}} 

2-[Oq,, {ffS"f, ffis}} {fafj., {a^, dsttfs} ^ 

= —^9°‘^9A (^{d^tta + ia^tta) dpds 

i(— d^Ojf^Ojjs f'yaap — Ojjsd^Oji^ -I- 2(iisf'ya — 2i(if^(i^(ifs i(iQ.(ijs(i'y')ds 'j 


— ^9°'^9'^^ ^2(djaa + ittatt^) dsa^ — 2id^aaasai3 

+ i\\d^aci, fl/?], as] + Aiafsf^aas — a^asttattfs + 2a^aaafsa^ 

( 2 . 6 ) 

Substituting eqs. (2.5) and (2.6) in eq. (2.1), one obtains [45] the following expression for 
fermionic part of the action at second order in h: 

r . 


S 


Fermi 




dAc Af ip + il/i + i$ Af, 


(2.7) 


/=i 


where 


p = r{d,-zAp, 

h9»^-lU^p-lYfpaDp), 

A = fs0} - ^ {^pU, Fs} - iMspD^ - \F,U,Ds 

- fraclSfaisf'ypDs + l'£>afiS'yDsD^ + ID^P^D^Ds ). 

The symbol 2)^ will stand for d^ — i [a^, ] all along this paper. 

The action in eq. (2.7) is invariant under the group SU{Nf)y x SU^NpA x U{l)v x f7(l)yi 
of the following rigid transformations: 

Vy = b' = b = b = (2-8) 

{T“}a are the hermitian generators of SU{Nf) in the fundamental representation and 
75 = . According to the Noether theorem there exist currents which are classically 

conserved as a consequence of the symmetry. That the currents associated to the vector-like 
transformations, SU{Nf)v x U{l)v, are conserved at the quantum level can be seen by us¬ 
ing, for instance, dimensional regularization. The nonsinglet axial current which comes with 
SU{Nf)A is also conserved, at least at the one-loop level -see section 4. As for the singlet 
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axial current attached to the U{1)a group, we shall show in the next section that it is not 
conserved at the quantum level. 


Promoting a in the U{1)a transformation in eq. (2.8) to an inhnitesimal space-time de¬ 
pendent parameter and working out the variation of Spermi under such local transformation, 
one obtains 

SSpermi = jd^a{x) (2.9) 

where the Noether current ^ is given by 


V’/T 15 [g®o//97 -\- g'S^fau Df} g'S^af^u Dfj gf^afpu '^fai/ffSj 

+ Y \9^^9^^ {d^YfYlb'^afpYf) + 


As usual, we introduce the chiral charge which is dehned by 


gfaf^fyu t/’/ 


( 2 . 10 ) 



( 2 . 11 ) 


This is a classically conserved quantity, whose properties upon quantization give us signihcant 
clues as to the dynamics of the quantum theory. 


There is an ambiguity in the dehnition of the Noether current. Indeed, the current 

Jbi^) = + y^ix) ( 2 . 12 ) 


would also be a gauge invariant object that verihes eq. (2.9) and would also yield the same 
chiral charge as , if y^{x) were a gauge invariant quantity that satisfy 

o)dpy^{x)=Q and h) j Yx y^{t,x) = 0. (2.13) 

The current ^{x) is usually called the canonical Noether current since 

= E 

C being the Lagrangian. Following ref. [46, 47], one may also relax a bit the constraints 
on y^ and assume that d^y^Y) = 0 holds only along the classical trajectories, while h) 
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in eq. (2.13) holds for any field configuration, not only for those that are solutions to the 
equations of motion. Of course, this will not satisfy eq. (2.9), but it will be a conserved 
current such that its associated charge, , generates the action of the chiral transformations 
on the helds: 

= -75^/>((t,f). 

{ , } denotes the Poisson brackets. The latter current may be also called a Noether 
current. 


In connection with the rigid (also called global) chiral symmetry U{1)a , two currents have 
been introduced in noncommutative U{N) gauge theories when dehned without resorting to 
the Seiberg-Witten map. These currents are and —\h 5 jT*rTtj( 7 ^ 75 )is, where 

'^ti is a noncommutative Dirac fermion transforming under the fundamental representation of 
U{N). At the classical level, these currents are conserved and covariantly conserved, respec¬ 
tively, as a consequence of the rigid chiral invariance, U{1)a, of the action. Further, unlike 
the current they are local objects in the sense of noncommutative geometry, for 

they are -k -polynomials of the noncommutative helds. For the theory dehned by the action in 
eq. (2.1), we have the following analogs of the previous currents 




(np) p 


_ Am 

- 2^f=i Jbf 


(np) p. 


X 


j(p) M 
Jb ij 


_ A^P) 

- Z^/=i Jbf 


/ a(p)p, 


f f ti, {j. 


■(p) 


IJ ' 


X) 




(2.14) 


l5f ~ ^f si'k f 

Now, f ti denotes a noncommutative Dirac fermion of our noncommutative SU{N) the¬ 
ory. The reader may wonder why we should care about a nongaugeinvariant current such as 
Xli ^)ii ■ shall see in the next section that computing the quantum corrections to the 
conservation equation of the chiral charge associated to it can be easily done at any order in 
h and that, as we shall see below, this charge, even at the quantum level, is the same at any 
order in h as the chiral charge of and is also equal to the chiral charge of , 

at least at second order in h. 


We shall show next that the currents in eq. (2.14) are conserved and covariantly conserved, 
respectively, at the classical level and that this conservation comes from the invariance of the 
action under some type of transformations. To do so, we shall need the equation of motion for 
the ordinary fermion helds with action S in eq. (2.1), where the noncommutative helds are 
dehned by the eq. (2.3). Under arbitrary inhnitesimal variations of 'ipf and tjjf , the action S 
remains stationary if 

Nf 

/=1 




0. 



The symbol Ml stands for the formal adjoint of M. Taking into acconnt that (1 + M)“^ = 
1 + (1 + M1)“^ = 1 + (“!)” (Ml)” formally exist as expansions in 

h , one easily shows that the previous equation is equivalent to 

iPSAi’t] = 0. iP.'P/W = 0. (2.15) 

These are the equations of motion for 'ifjf and ipf , whose left hand sides are to be understood 
as formal power expansions in h. We use the notation = <9^'h/['?/’/] 7^ + f[^f\ 

Recall that the noncommutative spinors T/ and Tj depend on the ordinary spinors ifjf and 
'ijjf -see eq. (2.3). 

The equations of motion in eq. (2.15) yield the following conservation equations: 

= 0, ^),,(a;) = 0. (2.16) 

i 

Here = d^5ij — ]*)p • The currents in the previous equation are dehned in 

eq. (2.14). Note that the current j^ij^ is covariantly conserved since it transforms covariantly 
under noncommutative gauge transformations. On the other hand, the current ^ is gauge 
invariant. 

We shall show next that the conservation equations of eq. (2.16) are a consequence of the 
action in eq (2.1) being chiral invariant under rigid transformations. Let us dehne the following 
inhnitesimal variations of and 

(jTj = 5'^ f = (2-17) 

Here a is an inhnitesimal arbitrary function of x. Note that for arbitrary a{x) neither 54// 
nor 5T/ can be obtained by applying the Seiberg-Witten map in eq. (2.3) to inhnitesimal 
local variations of the corresponding ordinary helds, but this has no inhuence on our analysis. 
See however that if a{x) = a = constant, then the variations in eq. (2.17) can be obtained by 
applying the Seiberg-Witten map of eq. (2.3) to the rigid chiral transformations of eq. (2.8). 
The variations of the previous equation induce the following change of the action in eq. (2.1). 

Nf 

5S = fd'^x + (2.18) 

9 f=i 

Now, by partial integration one shows that 
. Nf 

6S = (h: /[V’/]75 * -k 75T/[^7/] * a] • 

9 /=! 
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Next, the r.h.s of equation eq. (2.18) can be cast into the form 


r _ _ 

SS= (fx E 

/=i 

(2.19) 

By setting a{x) = a = constant in this equation, one easily shows that S in eq. (2.1) is 
invariant nnder the chiral transformations of eq. (2.8). Finally, by combining eqs. (2.18) and 
(2.19), and choosing 'ifjj and to be solntions to the eqnation of motion -see eq. (2.15)-, 
one conclndes that 

Nf 

fd^x ^ ['F/[^/]* 7 ^ 75 d'/[^/]a^a] = 0 . 

d f=i 

We have thus shown that the first identity in eq. (2.16) holds as a consequence of the invariance 
of the action nnder rigid chiral transformations. A similar analysis can be carried out for the 
transformations 

6 '^ f = — 0 : 75 , 

and explain the identity 

= 0 (2.20) 

i 

as a by-product of the rigid chiral invariance of S in eq. ( 2 . 1 ). Of course, one can use the 
previous equation to introduce a new current, which is conserved, not covariantly conserved. 
Let -kt denote the Moyal product obtained by changing t for h in eq. (2.2). Taking into 
acconnt that 

E (K.i’”''!*).. = ^ E r * 

one easily sees that 

i i i ^ 

Then, one may introduce the current 

jF"’" = E A." + b'"’ E f '* ({A.,d0j?‘'u)„, (2.21) 

which is conserved if eq. (2.20) holds. Unfortunately, ^ is not gauge invariant, not 

even along the classical trajectories, so one would rather use the currents ^ and ^ 
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in eqs. (2.10) and (2.14) to analyse the properties of the theory. That ^ is not gauge 

invariant can be seen as follows. Let us express the r.h.s. of eq. (2.21) in terms of the ordinary 
helds by using the Seiberg-Witten map of eq. (2.5) and let us impose next the equation of 
motion of the fermion helds, then 

■ (new) fi _ -(new) fj, 

Jb — Z^/=l Jbf ’ 

^(new) , ^ + 

— ih 6°‘^ daipf 7^75(9/3 ipf — ih 6*^^ Ylb dvi’ + ih 9^^ dui’f Ylb + o{h^). 

( 2 . 22 ) 

The previous expression is not gauge invariant. It can be seen that the current obtained from 
eq. (2.21) by using the most general Seiberg-Witten map differs from the current in eq. (2.22) 
in gauge invariant contributions. So changing the expression of the Seiberg-Witten map does 
not help in getting a gauge invariant ^. And yet, for 6^^ = 0 and for helds that go 


to zero fast enough as \ x \- 

-> cx), one can 

use E* 

to dehne a conserved gauge 

invariant charge: 

Qf(t) = j 

f dPx 

(2.23) 

Indeed, in this case 


= 

(2.24) 

with 

cr-b) = j 

f d^x j^''^^^{t,x), 

(2.25) 


To obtain eq. (2.24) we have also assumed that the fermion helds are already grassmann 
variables in the classical held theory. We have followed ref. [47] in making this assumption, for 
it positions us in the right place to start the quantization of the held theory. 


Let us now compute the diherence ^ ^ without imposing the equation of motion. 

Taking into account that 

itf ^ + 7^75 

_ |/,2 O<.00,5 DpDs 

- A/i2 Qo^I3q 1& {fafif'jS - 4 fa'yfiss) + o{h^), 

one concludes that 

j7’'‘=4“''‘ - (2.26) 
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where 


+ hH<^^eP^[\d^dp{ijYl'^DpD,^)-\dp{ijri''D^{Dp,D„]^)-\d^{'iPYl'^DpDpD,^) 

+ + h^6»“^6'^^[|<9^(^7''7^Sa//3p^) + |'9/3(^7VSa/pi.^)] 

+ h‘^9^^9^^P^|JY'l^ [ + lfpafl3u + jfauf^p + lfa0fpu]i^ + o{h^). 

Let us show next that can also be interpreted as a Noether current, although not as the 

canonical current, if = 0, i = 1, 2, 3. First, one can prove by explicit computation that 
yp is conserved along the classical trajectories, which is not surprising since = 0 = 

dpj^''^ . Secondly, if = 0 , f = 1, 2, 3 , then 


= din\ 

+h‘^ 9 ^^ 9 ^'^' [ + |(9i/^7°75L)jL)j/^/> - |^7°75A'{-Di', Djj'ip - j^'y^'y^DjDpDj^^fj 
+ \^l°l5Di'DjDj4). 


Hence, 



d^x d{R} = 0, 


if the helds go to zero fast enough at spatial inhnity. We thus conclude that, if time is 
commutative, ^ and ^ define the same charge, at least up to order . Besides, for 
commutative time, we saw above that ^ and ^ yield the same chiral charge at any 


order in h. We thus come to the conclusion that for commutative time, and at least up to 
order ^ ^ and ^ are such that 



o7' = Qf. 


been defined in eqs. (2.11), (2.25) and (2.23), respectively. We shall 
take advantage of the previous equation to make a conjecture on the form of the anomalous 
equation satished by the quantum chiral charge at any order in h -see section 5. 


To close this section, we shall discuss the consequences of being a constant of 

motion when we analyze the evolution of the fermionic degrees of freedom from t = —oo 
to f = cx) in the background of a gauge held a^{x). With an eye on the quantization of 
the theory, we shall introduce the following boundary conditions for a^(t, T) in the temporal 
gauge ao(t,x) = 0 : 

ai{t = ±oo,x) = ig±{x)dig^^{x), 

|oi(t, T)! < |k| as |a;| —cx), i = l,2,3. 
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g±{x) is a element of SU{N) for every x and 5 f±(| x \= oo) = e, e being the identity 
of SU{N). These boundary conditions arise naturally in the quantization of ordinary gauge 
theories when topologically nontrivial conhgurations are to be taken into account [48, 49]. The 
boundary condition g±{\ x \= oo) = e makes it possible the classihcation of the maps g±{x) 
in equivalence classes which are elements of the homotopy group Il 3 {SU{N)). At t = ±cx) 
the ordinary gauge held yields pure gauge helds af{x) with well-dehned winding numbers, 
n± , given by 

n± = ^ / ('>'• Tr(,afafat). (2.28) 

The reader should note that by keeping the same boundary conditions for the ordinary helds 
in the noncommutative theory as in the corresponding ordinary gauge theory, we are assuming 
that the space of noncommutative helds is obtained by applying the Seiberg-Witten map - 
understood as an expansion in powers of h- to the space of gauge helds of ordinary gauge 
theory. At least for U{N) groups, this approach misses [50] some topologically nontrivial 
noncommutatative gauge conhgurations [51] and it is not known whether it is possible to 
modify the boundary conditions for the ordinary helds so as to iron this problem out. Here, 
we shall be discussing the evolution of the fermionic degrees of freedom given by the action 
in eq. (2.1) in any noncommutative gauge held background which is obtained by applying the 
9 -expanded Seiber-Witten map to a given ordinary held belonging to the space of gauge helds 
of ordinary gauge theory. For SU{N) groups, this is interesting on its own, but, as with U{N) 
groups, it might not be the end of the story. 

From eqs. (2.10), (2.11) and (2.27), we conclude that, up to second order in h, we have 

Q{cn)^_^ _ T) 75 '^/(t = ±cx), x). 

f 

Recall that Qf^\t) is gauge invariant object, so that the choice of gauge has no inhuence on its 
value. Here we have chosen the gauge ao{x) = 0 . In the quantum held theory, the r.h.s of the 
previous equation yields the diherence between the fermion number, , of asymptotic right- 
handed fermions and the fermion number, , of asymptotic left-handed fermions. Hence, if 
were conserved upon second quantization, the following equation would hold in the 
quantum held theory: 

0 = = oo)- = -oo) = {n^ - n)^) - (n]^ - n^). (2.29) 

We saw above -see discussion below eq. (2.8)- that the vector [/ (l)v' symmetry of the classical 
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theory survives renormalization. So, in the quantum theory we have 

0 = = oo) — = —oo) = (n^ — n^) + (n^ — n^). (2.30) 

The reader should notice that can be obtained from by stripping the latter 

of its 75 matrix. Now, by combining eqs. (2.29) and (2.30), we would reach the conclusion 
that in the presence of a background held satisfying the boundary conditions in eq. (2.27), if 
we prepare a scattering experiment where we have ur right-handed fermions at t = — cx), 
there will come out ur right-handed fermions at t = -|-cx) . The same analysis could be 
carried out independently for left-handed fermions, reaching an analogous conclusion. The 
conclusions just discussed are a consequence of the fact that in the massless classical action 
right-handed fermions are not coupled left-handed fermions. However, as we shall see below, 
quantum corrections, when computed properly, render eq. (2.29) false, if the difference of 
winding numbers n+ — n_ does not vanish. Thus, quantum huctuations introduce a coupling 
between right-handed and left-handed fermions. 

3 Anomalous U{1)a currents 

This section is devoted to the computation of the one-loop anomalous contributions to the 
classical conservation equations 

= 0, = 0, (9^jf”^^(a;) = 0. (3.1) 

i 

The currents ^^ and are given in eqs. (2.14) and (2.10). The anomalous 

contributions to the hrst conservation equation in eq. (3.1) will be computed at any order in 
h , whereas the anomalous contribution to the remaining equalities in eq. (3.1) will be worked 
out only up to second order in . To carry out the computations we shall use dimensional 
regularization and its minimal subtraction renormalization algorithm as dehned in refs. [52] 
and [53] -see also ref. [54] and references therein. Hence, our 75 in H-dimensions will not 
anticommute with 7 ^. The dimensionally regularized 6^'^ will be dehned as an intrinsically 
“4-dimensional” antisymmetric object: 

= (3.2) 

Before we plunge into the actual computations, we need some dehnitions and equalities that 
hold in dimensional regularization. Let < (9(a^, Tj, Tj) be the v.e.v. of the operator 
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in the noncommutative background as defined by 

< 0(a„, 4-y, 4^) >('» = ^ I n 0(“c. M (3.3) 

The partition function ZlA] reads 

ZlA] = f Y\_di/jfd'iljf (3.4) 

f 

In the two previous equations, S'[\h/, T/, denotes the fermionic part of the action in 

eq. (2.1) in the “ D-dimensional” space-time of dimensional regularization, i.e., 

Nf 

/=1 

The noncommutative fields , Tj and Tj are given by the Seiberg-Witten map of eq. (2.3) 
with objects defined in the “ D-dimensional space-time of dimensional regularization. Next, 
by changing variables from to (T/,^/) in the path integrals in eqs. (3.3) and (3.4), 

we conclude that the following string of equalities hold in dimensional regularization: 



d^x'^f -k f. 


(3.5) 


<0(a„,>I>^,l'^)><'‘> 

= jijj / ri; (i't/rf'i’/ det [1 + M] det [1 + Si] 0(a„, 

= mf^f */■ */> 

(3.6) 

The operators M and M are equal, respectively, to the formal power expansions in h 

and , which are given in eq. (2.3), but 

with objects defined as “D-dimensional” Lorentz covariants. Note that the last equality in 
eq. (3.6) is a consequence of the fact that in dimensional regularization we have 


det[l -I- M = det[l -|- M = 1. 


Of course, in dimensional regularization, we also have 

ZlA] = / n d'^fd^f (3.7) 

f 

if Z[A] is as defined in eq. (3.4). To simplify the calculations as much as possible, we shall 
compute the anomalous contributions to the three classical conservation equations in eq. (3.1) 
keeping in the computation the ordering dictated by the latter equation. 
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3.1 Anomalous Ward identity for ^ 

The variation of T/, in eq. (3.5) under the chiral transformations 

(5T/ = (5T/ = 

reads 

SS?Sra, = - /'<i°l[5^(%i’’''‘)«W + 25^(£>^>I>;),.*5/«(7'‘75)..]aW 

i / 

This result and the invariance of Z[A\ in eqs. (3.7) under the previous transformations leads 
to 

(2)^ < ^ >(^)),, = -2 * ^t*(r75)ts . (3.8) 

i f 

The v.e.v. in the noncommutative background , < ■ ■ ■ , is dehned by the last line 

of eq. (3.6). Always recall that this dehnition is equivalent to the dehnition in eq. (3.3), if 
dimensional regularization is employed. Note that the r.h.s of eq. (3.8) contains an evanescent 
operator -see ref. [55], page 346-, so it will naively go to zero as D ^ A, yielding a covari¬ 
ant conservation equation. And yet, this evanescent operator will give a hnite contribution 
when inserted in a divergent loop. This is how the anomalies comes about in dimensional 
regularization. 

The minimal subtraction scheme algorithm [52, 53, 55] applied to both sides of eq. (3.8) 
leads to a renormalized equation in the limit D —4: 

(S, < # " >iih = -2 E < (■D.’I'/)- * All . (3.9) 

» / 

The Feynman diagrams that yield the r.h.s of eq. (3.8) are given in Fig. 1. 


With the help of the Feynman rules in the Appendix A, we conclude that the Feynman 
diagram in Fig. la) represents the following Feynman integral 

r d^p , (3.10) 

The Feynman diagram in Fig. lb) yields the following Feynman integral 

r d^p , 757M;^7'^l(g(-q/i)7M2(^-q/i-^^)...7Mn (^/-E <ii) (3-11) 

J (27W ^ p^(p-gi)^(p-g9-<?2)2...(p-E Qif ' 
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1^1 qi 
1^2 ^2 


(a) 


(b) 


Fig. 1. Diagrams that give the r.h.s of eq. (3.8). 


In eqs. (3.10) and (3.11), we have used qioqj as shorthand for 9^^ q^iq^j . Note that from the 
point of view of its -dependence the diagrams in Fig. 1 are planar diagrams. Hence, no 
loop momenta is contracted with in the corresponding Feynman integrals. This feature of 


the diagrams contributing to the r.h.s. of eq. (3.8) makes it feasible their computation at any 
order in h. Let us remark that in keeping with the general strategy adopted in this paper the 


exponentials involving h 6^^ are always understood as given by their expansions in powers of 


h. 


It turns out that the UV degree of divergence at D = 4 of the integral that is obtained 
from by replacing ^ with ^ is negative if n > 4. Then, for n > 4, 21^ vanishes as 
D —> 4. The same type of power-counting arguments can be applied to , to conclude that 
these integrals, if n > 3, go to zero as D —> 4. Now, using the trace identities in eq. (B.2), 
one easily shows that 2li = IBi = 0. After a little Dirac algebra, one can show that the 
contributions to '^2 and IBs that involve integrals that are not hnite by power-counting at 
D = 4 are all proportional to contractions of the type . Since these contractions 

vanish -see eq. (B.l)-, we have ^2 = 533 = 0. In summary, in the limit D ^ 4, only 2 I 2 , 
Sts and 2 I 4 may give contributions to the r.h.s. of eq. (3.8), and, indeed, they do so. After 
some Dirac algebra -see Appendix B- and with the help of the integrals in Appendix C, one 
obtains the following results for 212 , 2 I 3 and 2 I 4 in position space and in the dimensional 
regularization minimal subtraction scheme: 
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Substituting eq. (3.12) in the r.h.s. of eq. (3.9), one gets 

E (T) < ^ •• — 1 S') 

^ J 5 ^MSA* ~ 1671-2^ ^-^/43M4- 1^0.±oj 

i 

This equation looks like the corresponding equation for U{N) groups -see eq. (9b) in ref. [26]. 
This similarity comes from the fact that in both cases no loop momenta is contracted with 
6'^‘', and currents and interaction vertices are the same type of polynomials with respect to 
the Moyal product. However, there are two striking differences. First, the theory in ref. [26] 
need not be dehned by means of the Seiberg-Witten map, but the theory considered in this 
paper is unavoidably constructed by using the Seiberg-Witten map. Secondly, the object 
belongs to the Lie algebra of U{N) in the theory of ref. [26], whereas it belongs to the 
enveloping algebra of SU (iV), not to its Lie algebra, in the case stndied here. 

Eq. (3.13) leads to the conclusion that, at least at the one-loop level, the classical conser¬ 
vation eqnation for ^ in eq. (3.1) shonld be replaced with 

(®„ N|i“ ^ (3.14) 

i 

where N[ ]ms denotes normal product of operators in the MS scheme [53, 55] and _ 

_ Eq_ (3.14) tell us that for commutative time, i.e., = 0, the charge is 

no longer conserved but verihes the following anomalous equation 

Q^\t = +oo) - Q^\t = -oo) = ^ Jd'^ Tr ^ (3-15) 

The charge Q'f\t) was dehned in eq. (2.23). To obtain the l.h.s. of the previous equation, we 
have integrated the l.h.s of eq. (3.14) and assnmed that the helds vanish fast enough at spatial 
inhnity so as to make the following identity 

j (<Fi <h2)(t, T) = j d^x 

valid for 9^'’' snch that = 0. This choice of asymptotic behaviour is standard in noncom- 
mntative held theory [9, 10, 11] and renders the kinetic terms of the helds in ordinary and 
noncommutative space-time eqnal. 


Using the techniques in [38], it is not difficult to show that 


dV Tr F * F = / dV Tr f f 
U J-i J. Ui/i2 ^ M3/^4 I U Jy ±L J aia2J UZUA'i 
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at least for the boundary conditions in eq. (2.27). This equation was obtained for the U{1) 
gauge group in ref. [56]. Now, by combining the previous equation with eq. (3.15), and, then, 
using the temporal gauge and the boundary conditions in eq. (2.27), one concludes that 

Qf\t = Too) - Qf\t = -oo) = ^ j Tr= 2iVj (n+ - n_). (3.16) 

The integers n± are dehned in eq. (2.28). 

3.2 Anomalous Ward identity for ^ 

The variation of S'[T/, T/, in eq. (3.5) under the chiral transformations 


reads 

[((9^jJ”^^^)(a;)- 2 ^(%* 7 ^ 7575 Tj)(a;)] a{x). 
f 

Now, Z[A] in eqs. (3.7) is invariant under the previous chiral transformations. That 6Z[A] =0 
and that be given by the previous expression leads to 

dfi < {x) = 2^ < ^ f (x). (3.17) 

/ 

The v.e.v. in the noncommutative background A, < ■ ■ ■ , is dehned by the last line of 

eq. (3.6), which in dimensional regularization is equivalent to the original dehnition in eq. (3.3). 
Note that either side of eq. (3.17) is invariant under SU{N) gauge transformations of , 
here the MS scheme algorithm of dimensional regularization will yield a gauge invariant result 
when applied to either side of that equation. 

The r.h.s. of eq. (3.17) contains an evanescent operator, which upon MS dimensional 
renormalization will give a hnite contribution when inserted in UV divergent fermion loops. In 
this subsection we will compute this hnite contribution up to second order in h. At hrst order 
in h, we shall work out every Feynman diagram giving, in the D ^ A limit, a nonvanishing 
contribution to the r.h.s. of eq. (3.17). To make this computation feasible at order , we will 
take advantage of the gauge invariance of the result and compute explicitly only the minimum 
number of Feynman diagrams needed. Let us show next that if we have a gauge invariant 
expression, say [a^j, that matches the contribution obtained by explicit computation of 
the diagrams involving fewer than hve helds , then there is no room for the Feynman 


19 



diagrams with five or more fields giving a contribution not included in . The standard 
BRS transformations reads: 


sal = - sial soal = s,al = sA = 


(3.18) 


Then, the gauge invariance of [a^ , sA^'^'^ = 0, is equivalent to the following set of equa¬ 
tions 

soAf^ = 0 , 
soAf^ = siA'i\ 
soAf^ = 

So4^^ = -514^^ 

So4^^ = -514^^ 

Sl4l(2)8 = 0. 

The symbol An\ n = 2, 3,4, 5, 6, 7 and 8 , denotes the contribution to involving n 

fields, and its derivatives, : 


.4<«|oJ = MPla.l 

n=2 

Dimensional analysis shows that n < 9. Indeed, An'^ has dimension 4 and An'* = 
61^3^4 ^ being a gauge invariant polynomial of and its 

derivatives. The fact that the generators of a unitary representation of SU{N) are trace¬ 
less implies that n > 1. Let tie a gauge invariant -i.e., 

si 5 ( 2 ) =0 - polynomial of and its derivatives which is equal to up to contributions 
with more than four , or derivatives of it, and has dimension 4: 

B(^) = ^ BS'K]- 

n=2 n=5 

(2') (2^ 

Bn ^ denotes the contribution involving n fields , or derivatives of it. Let Cl stand for 

the difference 4 ^^ — Bn'* , n = 5, 6 , 7 and 8 . Then, the BRS invariance of both and 

B*'^'^ -use eq. (3.19)- leads to 

soCf^ = 0 , 

soCf = s,Cf\ 

s,Cf^ = s^Cf\ (3.20) 

soCf = 
siCf = 0 . 
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Now, the cohomology of the operator sq over the space of polynomials of a“ , c“ and their 

derivatives has been worked ont in refs. [57, 58]. The nontrivial part of this cohomology is given 

by polynomials of = d^a^ — and/or its derivatives and/or c“ . Since belongs 

to the nontrivial part of the cohomology of Sq and does not depends on c“, we conclnde that 

it shonld be either zero or a polynomial of and its derivatives. This last possibility 

will never be realized in the case nnder scrntiny since one can show by dimensional analysis 

that Cg ^ can contain only two partial derivatives, i.e., Cg mnst be a linear combination of 

monomials of the type and/or of the form dpdpala^^al^af,^al^. We have 

thus shown that actually vanishes. Substituting, this result in eq. (3.20), one obtains the 

(2) 

following equation for Cg : Sq Cg = 0 . The same kind of analysis that yielded a vanishing 
f2) f2) 

Cg = 0 leads to the conclusion that Cg — 0 . And so on, and so forth. We have thus shown 
that Cn^ = 0 for all n. Hence, . Notice that our strategy would have failed 

if we had decided not to compute diagrams with four gauge helds (or derivatives of it) . 
Indeed, Sq = 0, with , does not imply = 0, since may be a 

nonvanishing linear combination of monomials of the type • 


The Feynman integrals that yield the r.h.s of eq. (3.17) at order h"' can be worked out 
by extracting the contribution of this order coming from the “master” Feynman diagrams in 
Fig. 2. The dimensionally regularized object that these diagrams represent can be obtained 
by using the Feyman rules in Appendix A. In these rules and in all our expressions the expo¬ 
nentials , with fci o ^2 = 0^'^kip k 2 p , are actually shorthand for their series expansions 


E 


oo 

n=0 


2"n! 


(/Ci O /Ca)'^. 




Fig. 2. Diagrams that give the r.h.s of eq. (3.17). 
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The “master” Feynman diagram in Fig. 2a represents the following object: 




r d^p ^ ^ ^ \m (3.21) 




The “master” Feynman diagram in Fig. 2b corresponds to the expression that follows: 


_ J^T 2(-l)"+l 


0„ = TV 




E oo i'^h™ r d^p 

m =0 m\ J { 2 it )0 




(p-<?l(p-<?9-'?2• ■ ■ (p-Ei ^ 


(3.22) 

Let us see hrst that the MS dimensional renormalization algorithm [52, 53, 55] sets to zero at 
D = A any contribution coming from in eq. (3.22). Using the identities in eqs. (B.l) and 
(B.2), one can work out the trace over the the gamma matrices and show that 


tr7W7''^(T^ - ^i)7''^(# - - ^ 2 ) • • - 7^" (# - E^J 

Ti, T 2 i and Ts* are “Lorentz covariant tensors” in the H-dimensional space-time of dimen¬ 
sional regularization. The expression on the r.h.s. of the previous equation shows that any 
contribution coming from that does not vanish as H 4 matches one of the following 
“tensor” patterns 

^^Pi-Pn Tryl^^(gi). . .i^,(gfc) . ..A^^{qn), 

:^^ri'"^"Trgi^7l^i(gi). 

It is important to bear in mind that and must be linear combinations of 

“Lorentz covariant tensors” with coefficients that do not depend on [D — 4). For instance, a 
“tensor” like = (_D — 4 ) gMiM 2 P 3 P 4 ^P 5 P 6 jg admitted, for this type of ti tensor, 

when substituted back in the hrst equality in eq. (3.23), yields a contribution that does not 
go to zero as D ^ 4. Now, the MS dimensional regularization algorithm removes from 
any contribution of the types shown in eq. (3.23). Every is thus renormalized to zero at 
D = 4 in the MS renormalization scheme. 


The identities in eqs. (B.l) and (B.2) can be used to remove from any term that upon 
MS renormalization will go away as D ^ 4. The trace over the Dirac matrices of in 
eq. (3.21) is given by 


-4i- ^ 2 ) • • - 7^" (# - E^*) 

= p2 ^Pl...P2-lM2+l...Pn ^ . g.T^l-P«. 
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R , S and T are also “Lorentz covariant tensors” in the D -dimensional space-time of dimen¬ 
sional regularization. Redoing the analysis that begun just below eq. (3.22) for the case at 
hand -mutatis mutandi-, one shows that the contributions that go with the “tensors” S and 
T in eq. (3.24) can be dropped. This is so since, after MS renormalization, they will go to 
zero as D —> 4. Hence, upon MS renormalization, all nonvanishing contributions at D = 4 
coming from in eq- (3-21) will be furnished by the term (3.24). And yet, 

these contributions will also vanish as D ^ 4 unless the integration over p yields a pole at 
D = 4 when p^ is replaced with p^Pu. Now, make the latter replacement in the integrals of 
■ Then, some power-counting ai D = 4 tell us that all the integrals thus obtained are UV 
hnite if our is such that n > 4 -|- m -this m indicates that we are dealing with a term of 
order h™'. After contraction with , these integrals will vanish at D = 4. In summary, to 
compute, at order , the nonzero contribution to the MS renormalized r.h.s. of eq. (3.17), 
only the values of the objects verifying 

such that n < m -|- 4 (3.25) 


are actually needed. 

We shall denote by 2 < *7^75-0^^/ >MS the renormalized object obtained by 

applying to the r.h.s eq. (3.17) the minimal subtraction algorithm of dimensional regularization. 
This object is to be understood as an expansion in h : 

2 ^ + o{h^). (3.26) 

/ 

is given by the well known ordinary U{1)a anomaly: 

^ jd^x Tr/^,^J^3^,. (3.27) 

3.2.1 The computation of 

According to eq. (3.25), we shall need the ’s in eq. (3.21) with n < 5 . We will sort out the 
contributions coming from these 5n’s into two categories. The hrst type of contributions will 
be obtained by removing from the inhnite sum X]m=o term with m > 0. Hence, 

the hrst type of contributions will be furnished by the terms of order h in —being 
given in eq. (3.10). We thus conclude that the terms in that constitute the hrst category 
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can be computed by expanding at first order in h the r.h.s. of eq. (3.13): 

N. 


167r^ 


^ Tr ^ QP^ f:PiP2P3P4 1Tf [(9/,^(9^3+0^(9^!(9^a^2<9^3« 


^1^2 ^ /^3M4 \h 

~\~ (9(jC 1^2 ^/i4 H” do-Q/ U9^U^ 


1^-L“ M-l ^ “ At3’'^-4 ' -'p-pi-U -'PZ''h^6~'^A 

'-''pi'^p'-''p3'^p4 ■ ^pi *^p*9p2 *^cr^p3*^p4 *^p4 ^pl *^p^p2 ] 


Tr [ 0 jfj 0 j^-^d^ 2 ^^^d^^ 0 jp 

cio-9p^(ip(ip2^p3^p4 ~l~ ci^ 2ci(j<9/^^ciii^(9ui ci^ci 


(jL/^3 Ujp^Ujp2 '-^Pi '-^'p 


^cr'-''p3'-t'p4 


^a^pl ^p^p3 *^p4^p2 *^p2 *^p3^p4 ^p p4^p^pi *^p2 ^p3 

‘^d(j0jp^dp^0jp(Xp^0jp2 ‘^9(jQjii] Ou^2^u:^^U4^p + 2(9o- 119^U4^C 


''cr^pl ^p2^PZ^l^A^P 


''(7'-*^ pi^ P2^ P'Z'^ P4'^ P 


~\~ ‘^d(j^p4^p^pi(^p2^pZ ^*^(T^pl ^p2 *^p3 ^p4*^p ^^a^p3^p4^p^pi^p2 

~\~ ‘^dp4^pdpi^(j^p2^pz dp2^(j^p^dp4^pi^p H“ ^pzdp4(^pidp2^(7^p 
-\- dp^ci0^dp^Qjp^cip2^p “1“ dp4^pi^p2^pz^7^p H“ 2(9crCi^^(9pCi^2*^p3^p4] 

~t~ *^p4 [^p^cr^pl ^p2*^p3 ^p*^pl *^(T*^p2 ^p3] ^ * 

(3.28) 

The second type of contributions that make up are obtained by setting /i to zero every¬ 
where in , but in the term that goes with p o , with m = 1. These substitutions 
yield the following expression; 

V = Nf Tr a/, 3 (gi)a^ 2 (^ 2 ) • • • (gn) 

/ (2vr)S p2(p-gi)2(p-g,-q2)2...(p-5:qP^ ' 

Recall that we saw above that only for n = 2,3,4 and 5 may we obtain a nonvanishing 
output. Using the identity in eq. (3.24), the results in Appendix C and adding the contributions 
generated by the appropriate permutations of the external momenta, one concludes that ^ 2 , 
Js , ^4 and Js give rise to the following terms in : 

^2 0 , 

2^3 ^ [<9^3(9<^a^4ap<9^3a^2 + 

£MlP'2p3/^4 [(9cr(9pjClp,2*^p3*^p4*^p T 9q-S p^Qjp^QjpQjp-^Qjp2 T 9(jClp^Ojp^Qjpdp^Qjp2 

T 9Q-(ip(Xp^(ip29p^(Xp^ T 9Q-(ip^(Xp9p^0jp20jp^ T 9Q-(Xp^(Xp29p^(Xp^(Xp 
T 9(jCip9p^Qjp2(ip^(ip^ ~\~ 9(jCip29p^cip^cipQjp-^^ 
fl5 ^ Tr,9^[apa/,3a^2«M3«A‘4]• 

(3.29) 

Before working out the results above, the reader may hnd it useful to read again the discussion 
below eq. (3.24). 


Adding the results in eqs. (3.28) and (3.29), one obtains that actually vanishes: 




Nt 1 

_ L \ f f f _ f f fl_r| 

g^2 ^ ^ [J afllJ fl2IJ-3J PfJ.4 P 1 P 2 J P3P4J (4p\ '-’• 


(3.30) 
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See eq. (D.l). 


3.2.2 The computation of 


We saw at the beginning of this subsection -see discussion that begins just above eq. (3.19)- 
that to reconstruct we need gauge invariance and the computation of the values of the 
Feynman diagrams with fewer than hve . This implies that only the contributions to 
coming from 5n in eq- (3-21) with 2 < n < 4 will be worked out by computation of 
the corresponding dimensionally regularized Feynman integrals. This heavy use of the gauge 
invariance of makes the computation feasible: otherwise -see eq. (3.25)- one would have 
to compute the Feynman integrals in (5^5 and ^6 > which would involve the calculation of the 
trace of long strings of gamma matrices. 


The terms in in eq- (3.21) that will interest us, will be distributed in two sets. In 
the hrst set, we shall put the contributions that have no P ° 9'^)™ > with m > 1. These 
contributions will be obtained by extracting from —every term of order is in 

eq. (3.10). We shall denote the contributions in the hrst set by Sn '^, n being the number of 
helds ttfj, that occur in it. Since it was the 2l„’s that gave the r.h.s. of eq. (3.13), it is clear 
that 


c(i) _ Tr F -k F I 

c(l) _ ,AtlM2RSM4 Tr F ^ F \ 
d) ^ Tt- F 'ic F I 

167r2'^ Ml/i2 ^M3M4 |ft2^aaaa‘ 


Nf 


(3.31) 




The subscript stands for terms of order and the subscripts aa , aaa and aaa tell us 
that only contributions with 2, 3 and 4 helds are kept, respectively. 

( 2 ) 

The second set of contributions is made up of the expressions, generically denoted by Sn 
f3) 

and Sn , given below: 

= ^^Traf,,(qi)a^,(q2) .. .af,^(qn) 

{(Ei>jQi°Qj)(EkP°^k) + (EfcP°?fc)"}tr- _,, 


Si^^ = 2i^p^TrT^^(gl)T^2(g2) - --dl/,„(g„) jh 


P^(p-i}lP(p-i}g-g2p---(p-Ei Qi)" 


r d^p \ . Apfi4i^^<S-4i)i^‘^^-4i-42)-'i^'^{'^-'Si4i) 

J ( 2 n )0 7 = , 

> p^{p-<}irip-<}q-<i2r-[p-T,i qi) 

(3.32) 

Notice that here n = 2, 3 and 4, for Sn ^, and n = 2 and 3, if it is Sn ^ that we are talking 
about. 
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Let us introduce some more notation. S 2 , S 3 and 5*4 will denote the contributions to 
carrying 2, 3 and 4 fields , respectively. Then, 


C _ c(l) I 

02 — O 2 + O 2 , 


^ gS) 5(2). ^ 


Q _ c(l) I 0 ( 2 ), MS q{‘i),MS 
04 — ~r “T O2 




(3.33) 


where Sn\ n = 2,3 and 4 have been defined in eq. (3.31) and , n = 2,3 and 4, 

stand for the MS renormalized quantities obtained, respectively, from Sn , n = 2,3 and 4 
in eq. (3.32). After minimal subtraction, yields and , and 

. . e(3),M5| 

gives rise to So 

^ I aaaa 

The symbols and will stand for gauge invariant functions of that 

verify the following equations 


Q(inv) _ Q Q(inv) _ q Q(inv) n(inv) 

Oo — *^9i *^o 1 *^/i 

^ an. ^ ‘ n an. ^ ^ n an.' ^ 


_ o Q{inv) 

- O4 O9 

aaaa ^ aaaa 


(3.34) 


The subscripts aa , aaa and aaaa indicate that a restriction is made to terms with 2 , 3 and 
4 fields a^ , respectively. Besides, we shall assume that the minimum number fields in , 

and S'4*”^^ is 2, 3 and 4, respectively. Furnishing ourselves with these definitions and 
recalling the discussion that begins right above eq. (3.19), one concludes that 


^( 2 ) _ giinv) ^(inv) g(inv) 


(3.35) 


We have computed S2 , S3 and 5*4 by carrying out the lengthy Dirac algebra involved with 
the help of the identities in Appendix B and using the values of the dimensionally regularized 
integrals in Appendix C. Many involved algebraic operations that occur in these calculations 
have been performed with the assistance of the algebraic manipulation program Mathematica. 
We shall not bother the reader displaying all the intermediate calculations since they are not 
particularly inspiring. S 2 defined in eq. (3.33) turned out to be given by 


S 2 = 

T 4 (9^(9ct< 9^2®/44 T ®/i3 ®/44 T 

®M 3 '^A‘ 2 ®/ 44 ] • 


(3.36) 


Let [iiv] indicate antisymmetrization with respect fi and u. Then, making the following 
replacements 

dpd^dipa^] a)'DaT>pfpy or h)'DpT)„fpy 
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in eq. (3.36), one obtains a gauge invariant object verifying the first equality in eq. (3.34). 
This object will be our 82 '^'^'^: 


niinv) 

^2 


+ 3 & Tr 

- 


/a12/44 • 


All along the computation of the previous result, we have taken advantage of the ambiguity 
that occurs in the replacement in the second line of eq. (3.37) and choose in each instance the 
substitution that leads, at the end of the day, to a simpler result. The expression between 
brackets, Tr[- ■ ■], on the r.h.s. of the previous equation can be expressed as a double total 
covariant derivative. Hence, 

d‘"”’ = ^ 

- 54? £W<‘=w««p'’»<»9»‘- TV [2®p®p/p.„/p,p. + ®p/,„„®p/p,«]. 


To avoid displaying redundant and unnecessarily long expressions we shall provide the 


reader with the value of S 3 — S._ 


{inv) I 


that came out of our computations: 


As -^2 


(inv) I 


\aaa 

Nf 


+ Tr + - \do,dpap^di 3 dp^a^dp^ap^- 

'^da.d^iCip^dpdp2^^4^d[3C^(T T '^dcidfiiCip^dj;^dp2^fi4,dpCi<j T ’^dadp-^^ctp^O^Opd (jdp2 

T pd^dd^l 9p2 *^p4 I 
T *9^(9p(9crCip2 dp0Q-0p2(^fj,dP'dp^0p^dp^ 


df^0u0pdp2dp^dP0p^dp^ T df^0cr0p2p^fidp^dP0p-^^dp^ T 2.0p0pdp2do-dPdp^0p-^^d 


P4 


^di^dp2p^fi9Q-dP'dp^dp^dp^ ^dpdpdp29fjdp^dP'dp^dp^ T ^di3dp2p^fi9^dp^dP'dp^dp^ 

T 9p9Q-0pdp29p^dp^0Pdp^ dp0(j0p2^fi9p^dp^0Pdp^ d^do^d^d ^2 *^Pl *^^3 *^P4 

T *9^(9f7(9p,2Ct'p,<9cr(9p^cip3(9p,^ci^ T <9^(9f7(9p^cip,2*9p,cip3(9^cip,^ di^d(jdp-^dp2d^^^^d^^^4 

(9^(9f7(9p^cip,2*9p,cip3(9p^ci^ T <9^(9o-(9p^cip2*9p,3Cip,(9p,^ci^ T ^di^dpdp2dcFdpidp^dPdp^ 
2(9^(9p,2cip3(9^cip^ 2(9^(9pCip2*9f7<9p,^cip,3(9p^ci^ T 2(9^(9p2^p,<9fj(9p,^cip,3(9p^ci^ 

T 2(9^(9p,^cip2*9f7*9p,cip,3(9^cip,^ ‘2‘dQ-dp^dp29crdp^dpOP'dp^ ‘2‘dp0p-^^dp29(jdpdp^0p^dP' 

+ 2(9^(9p^ ®At2 
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Applying to this result the substitutions in eq. (3.37), one obtains 


A. 


(inv) 


— I j IT) f J) f -I- il) f T)af f 

'‘‘Z2'k‘^^ 1 / 1 / J -1 pj a J J per ' g''-'a J/^ 1/13 J/^2M4 J per 

+ a f Piisf pa fP2P4 A g'^af pa'^isfpipsfP2P4 A af pp 2 '^p fap^ fpipi 

I .• pP4P2P?,P4Q PapapiPtery r p p P- T) a f T) f f 

' ^48n‘^^ ^ y 2^ P'P'2J ^P3J P'lP^4 ' ^ fjJ prfi2'^ o-J Vfi^J P^lP^4 

2 '^p'^eefpp2fpiP3fup4 A 2 '^p'^afpip2fppsfUP4 A pfpp2'^afpip3fup4 

A '^pfpiP2'^afpp3fup4 

Using the cyclicity of the trace and the antisymmetric character of some of the objects in the 
previous expression, one may express the term that goes with as a double covariant 

derivative. Thus, we have 


pfPips'^afp2P4fPa + g®a/pip3®/3/p2P4// 


per 


siinv) ^ _^^^^piP2P3P4Q»pQpa 

aj PIP3^ pj pa J P2P4 ' afpa'^ pfpipsfP2P4 afPP 2 '^ pfapsfP1P4 


g®a/piP3®/3/pcr/^2P4 ' 6 

+ eMlP2P3P40^/30pa^p^ Tr 


(3.39) 


fppifl'P2fP3P4 


Note that the minimum number of helds in is 3, as we had assumed when writing 

eq. (3.35). 

Using the Feynman integrals in Appendix C, we have computed A 4 and obtained the 
following result: 


^ 4-^3 


(inv) I 


Qpnti) I 

~ ^2 I 


_ pPiP2P3P4QapQpa 

167r^ 


d[p(lpi]d[ci P2]^IP^ P3]^[a ®P4] 


T<9[pn^2]*^[pl ®p3]*^[a®P4] *^[/3®er] T 2 *^[Pl ®P2] *^[p®P3] *^[/3®P4] *^[a®er] T 2 *^[pl ®p2]*^[/3®p3]*^[a®p4] *^[p®er] 

2 ^[p^^^2]^[pl^p3]^[P^a]^[a(^P4] T 2 ^[a(^p2]^[pi^P3]^[p^a]9^gClp4'\ 3 * 9[^2 ®P 3 ] *^[pi ®P 4 ] *^[p®/9]*9[a®er] 

]^*^[pi®P3]*^[P2®P4]*^[a®/3]*9[pn(7] T Y2*^[pl®p3]*^[P®erl*^[p2®P4]*^[/3®er] fl^3](9[QO^](9[^2®P4]•^[pno 

The substitutions in eq. (3.37) applied to the previous equation yield an object that verihes by 
construction the last equality in eq. (3.34) and has four or more gauge fields . This object 

niinv) 

IS our 64 : 




(inv) _ Nf pPip2P3P4QoiPnpa rjy 
IGrr^ 


fppi fap2fPp3fap4 fpP2fpiP3fap4fPa 2/piP2/pp3//3p4 /q 


T 2 ^'^^^^'‘ 2 fPP3foip4fpa 2'^/®A‘2/'plp3//3o'/'op4 T 2^'^^^2fplP3fpafpP4 ^fp2p3fplP4fppf(4 

12/plP3/p2P4/«/9/pcr T Y2'^A‘lM3/p“/p2p4//3cr ^/piP3 /o/9/p2p4 /po" • 


(3.40) 



Substituting the r.h.s. of eqs. (3.38), (3.39) and (3.40) in eq. (3.35), one obtains 

4“ 96®p//ii/i3®o/At2M4//3cr 4“ i92®o/pi/43®/9/p2Ai4/pCT 4“ 192®o/pip3®/3/pa'/p2P4 

l^®«/po-®/3/piP3/p2P4 4" ^®o/pp2®/3/o'P3/piP4 4“ '[Qfpitifa^l2f/3^l3f<Jlt4 
4“ Y@/pp2/plp3/«P4//3o' 4“ ^/pip2/pp3/4p4/oo- 4“ ^/pip2//3p3/op4/po' 4“ ^/pp2/piP3/4o'/op4 

4” ^/ap2/piP3/pc/'/3p4 '^fp2P3f^J■1^^4,fp|3faa 192 fP 1 P3 fIJ -2 P4 ffpo 4“ 192 fpip3 fpa fp2P4 f0cr 

384 ^1*1/43 /a/3/p2P4 /pf^ 

f:/^i/42P3P4^ 4^po-q"T.T)„T) ^f2T) Df^f f -\-Tl f f ) _bf ft^ f 

7r2 ly ±1 J P 1 P 3 J fJ-21^4 ^ fj-lf^3'^ JlJ-2f44j gQjppiJ p2-'/^3P4 

(3.41) 

In Appendix D, we shall show that the previous result can be simplihed to 

4(2) ^ ^^J■l^J.2^43^44 0a|3gp<T 

967r^ 


+ 4S)a(2I)p//ii^3S)/3®o-/p2P4) A * ®P (/piP3®«/p2P4//3cr) 

A 4®/9(®a/p(7/pip2/p3p4) A f S)/3(Sa/p3p2/po'/p3p4) 

^ ,,4,2,3,40 Tr [i - ^f„4Fp2f,^,^ 

(3.42) 


Af. 


Hence, 


where 

= ^e/^l^2P3P4^Aa^parj^ 


^(2) = 


4“ 4®p/piP3®o®cr/p2P4 f, 1 , 3 '^pf,2,4fc4 


(3.43) 


9671 


pj p\P3'^a'^ a J P2,4 ' ''J ,1,3'^ pj ,2,4J o-a 

4®o/pcr/piP2/p3p4 '^'^afpip2fp<^f,3,4) 

h e^lA42P3P40^A^p.^p. Tr d4 - i i2^p^Jp4,3f,2,4 + ^,f,4,3^j,2,4) + */pP4/iyp 2 /p3P4 

(3.: 


4 ) 


Let us remark that is a gauge invariant quantity. 


Taking into account eqs. (3.17), (3.26), (3.27), (3.30), (3.43), one concludes that 

dp >MS = ^Tr/piP2(a^)/p3P4(a^) + h^dxX^ix). (3.45) 

The subscript MS signals the fact that the previous equation has been computed by applying 
the minimal subtraction algorithm of dimensional regularization [52, 53, 55] to both sides of 
eq. (3.17). X^{x) is given in eq. (3.44). Eq. (3.45) shows that the classical conservation 

equation in eq. (2.16) no longer holds at the quantum level and should be replaced with 

^]ms{x) = ^Tr/^j^2(a^)/p3P4(a^) + h^dxX^{x). (3.46) 
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Where ^]ms{x) is the normal product operator -see [53, 55]- obtained from the reg¬ 
ularized current by MS renormalization. However, the term dxX^{x) is not an 

anomalous contribution since, as a consequence of the gauge invariance of X^{x) , we may 
introduce a new renormalized gauge invariant current 

- h^X\x), (3.47) 

which verihes the standard U{1)a anomaly equation. Note that, for = 0 , ^]ms{x) 

and 775 "^^^ ^{x) lead to the same renormalized charge , at least up to order . Indeed, 
if time commutes X'^i^x) = 0. By employing the temporal gauge ao{x,t) = 0, integrating 
both sides of eq. (3.46) over all values of x and taking into account the boundary conditions 
in eq. (2.27), one gets 

Qt^\t = + 00 ) - = - 00 ) = ^ Jd'^x Tr//,i^ 2 (a;)^ 3 ^ 4 (a;) = 2 Nf (n+ - n_). (3.48) 

n± are dehned in eq. (2.28). To obtain the l.h.s of the previous equation, we have assumed 
that the fields go to zero fast enough as |a;| —cx) so as to make sure that the are no surface 
contributions at spatial inhnity. Note that 

= 0. 

even for gauge fields that vanish as l/\x\ when |a;| —cx). 


Eq. (3.48) looks suspiciously similar to eq. (3.16). They are actually the same equation. 
Indeed, in the MS scheme, as we shall show below, the quantum charges Q^\t) and 
are equal if = 0. To show that (t) = (t) , we shall need some properties of the 

MS normal product operation -see ref. [53, 55]- that we recall next. Let N[ ]ms denote the 
MS normal product operation acting on monomials of the helds and their derivatives, then 


N[ Cl Oi + C2 02]ms — Cl N[Oi]ms + C2 N[02]ms, 

N[d^O^^]MS = d^N[0^^]MS: O^pUs = 0^^''N[0,p]ms: 

where ci, and C 2 are numbers which do not depend on D and Oi , O 2 and O^p are 
monomials of the helds and their derivatives. It is clear that in dimensional regularization 


.{np) n _ ^{p) 

Jb 


/ i 


and that 


y ^ [d'/si; 'h/ti]* dp 
f i 


I 

L 2 
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Now, upon using the Seiberg-Witten map, the r.h.s of this equation is an inhnite sum of 
monomials of the ordinary helds and their derivatives with coefficients not depending on D. 
Then, taking into account eq. (3.49) and the equations below it, one concludes that 

N[jt'’^]MS = iV[o(l)(7'^75).i]MS. (3.50) 

m 

are the monomials of the ordinary helds and their derivatives we have just mentioned 
and m collects all the indices needed to label them. In the previous equation we have already 
used the equality 0°* = 0. Setting /i = 0 and integrating over all values of x , leads to 

= j ^]Ms{x,t) = j d^xN[j^l^ ^]Ms{x,t) = 

Note that the integral of the second term on the r.h.s of eq. (3.50) vanishes for helds that 
decrease sufficiently rapidly as |a;| —cx). 

3.3 Anomalous Ward identity for 

In this subsection we shall compute in the MS scheme of dimensional reg¬ 

ularization at second order in . To carry out this calculation we shall employ the results 
obtained for in the previous subsection. To do so, let us hnd hrst the relation between 

the two currents at hand in the dimensionally regularized theory. For the time being, 
will denote the natural dimensionally regularized current obtained from its 4-dimensional coun¬ 
terpart in eq. (2.10). This is given by an expression which is exactly the expression 

displayed in eq (2.10) provided the objects that make it up live in the “D-dimensional space- 
time” of dimensional regularization. The object 9^^ in dimensional regularization was dehned 
in eq. (3.2) as an intrinsically “four dimensional” object. We shall use the same symbol for 
the current and for its dimensionally regularized counterpart, the context will tell us 

clearly what the symbol stands for. The difference between the dimensionally regularized 
currents ^ and ^ is given by the following equations: 

+ (3.51) 
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where 


+ h^e°‘^ep^[ + ldadp{ijfY'y^DpD„ijf) - l^p{ijf'y^^'y^Da{Dfs,D^}iJf) 

- \da{'ipn^l^DpDpD^'il)f) + Idc.i'ipn^^-i^DpDf^D^'ipf)] (3.52) 

+ h^e‘^^e^^P[i^^{'^pfYl^^aff3pi^f) + i<9^(V^/7VSa/p^^/)] 

- h‘^e<^l^ePPi^fYl"[l^afppD, + l^pfauDp + l^Jp,Dp\ijf 
+ h^e^^ePPTpfYl^ [ + \fpj^v + \faufpp + Ifa^fpu] ^/ + o{h^). 

In the previous equation all objects live in the “D-dimensional” space-time of dimensional reg¬ 
ularization. It was shown long ago [52] that the equations of motion holds in the dimensionally 
regularized theory. Using the equations of motion and eqs. (3.52), one gets that 

= d^xy 

where 

x^ = Y.f + ihep^iyjfYibDpD^'iijf) 

+ dP^d'^'^[ - ^IpfY'lbDpifiyaDp'lljf) + \dp{'li)fYl^DaDpD^'ll)f) 

+ ji^fYl^fapDpD^'lljf + lijfYlbfpaDpD^tljf + ^pffiaDytl^f] . 

(3.53) 

Note that at variance with the result for the classical theory, the dimensionally regularized 
difference ^ ^ does not vanish upon imposing the equation of motion. 

The operator X^ is an evanescent operator -it vanishes as D —*> 4 - so it may yield -and, 
indeed, it will- a D —*> 4 hnite contribution when inserted into an UV divergent fermion loop. 
In summary, quantum corrections will make dp < different from the renormalized 

dp < >Ms • Let us work out this difference . 

Since X^ is an invariant quantity under SU{N) gauge transformations, it so happens 
that the MS renormalized < X"^ >ms equal to a , with being a gauge 

invariant function of ap and its derivatives. has mass dimension equal to 3. To compute 

, we shall follow the strategy used in the computation of . We shall thus use 
gauge invariance and the result obtained by explicit computation of appropriate Feynman 
diagrams to reconstruct . If we adjust to the case at hand the analysis that begins 

just above eq. (3.18), we will conclude that the Feynman diagrams that must be unavoidably 
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computed have 2 gauge fields, in the case of the contribution of order h , and 2 and 3 gauge 
fields in the case of the contribution of order . The terms with 4,5, etc... gauge fields 
are obtained by using locality, gauge invariance, the replacements in eq. (3.37) and the results 
concerning the cohomology of sq quoted right below eq. (3.20). 

Let us introduce some more notation and denote by and the o{h) and 

o(h^) contributions to . Then, 

>^mI= (3.54) 

The diagram with two gauge fields that give the two-field terms in is depicted in Fig. 

3. 



Fig. 3. Diagram that contributes ^hD(i) in eq. (3.54). 

With the help of the Feynman rules in Appendix A and the Feynman integrals in Appendix 
C, one shows that this two-field contribution vanishes in the limit D —>■ 4 in the MS scheme. 
Hence, gauge invariance leads to the conclusion that in this renormalization scheme: 

= (3.55) 


Let and be the contributions to carrying 2 and 3 gauge fields, re¬ 
spectively. Let us introduce local gauge invariant functions q-{inv)f3 

and verify 

a q-{inv)l3\ _ a q-13 p. ,-i-{inv)l3< _ rj ^/3 rj ^{inv)l3, /„ 

0/3-12 \aa — 0/312 ■, O/^l^ laaa — O/sl^ —O/ 3 I 2 \aaa- (^3.5bj 


Let US further assume that the minimum number of fields in jg ^ Then, one can show 

that 


^(cn)(2) _ ^ 


(3.57) 
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The Feynman diagrams that give are the diagrams with two wavy lines depicted in Fig. 

4. Some Dirac algebra and the integrals in Appendix C leads to 


M4 


df}T^ = ,9^1 + ^ 00^13g^^gi^^Tr [<9^<9^<9^<9^ia^3<9^2«A‘4 + 

T 0^3(9(j< 9^2 ®/14 T *9(J ( 2*^/4 ®/43 *^/42 ®At4 

+ - d^{^dc,dp,ap^dpdp^a 

+ 2dpdadp^ 

®/13 dp2 ®/i4 


<'/14 


The replacements in eq. (3.37) turn the previous equation into the following identity: 


= dp\^, 0«d0P-e^i/.2M3M4 Tr - d. [l^aU,,3^pf, 


N 


/i2M4 


+ 2^pVJp,pJp2,,] I + 

T pfp\p.3^y fp.2Pi 


P2P4 


(3.58) 

The computation of the Feynman diagrams in Fig. 4 with three gauge fields gives dpTf . 
By performing that computation, we have obtained the following result: 


dpTi^- 


30-^2 




6 (9q.(9j^ p(x^ 2 ]^/43cr^/ 44 ] T b (9 q,(9^j( x^ 2 *^[p^/ 43 ](T^/ 44 ] T ^^a^pi^p3^p2^p4:^p^f^ 

T 3 dpdp^Oip^d^cr(3ja\dp2 ®P4 H“ ^ Q d(yOp(i cr Clp ,3 dp 2 

- g^^gi^'^daTT[d[pap2]d[uap^]dp,ap^]y 

Applying to the r.h.s. of the previous equation the replacements in eq. (3.37), one gets that 


d^% 


{inv) 0 


^Pl^ =dp\l^2e-^eP-e^^>^-^^^^Tl[^^Jpp2Up3fp4P4-^^JpP2fp4P3f^ 

AiiM2/pAi3/f7'M4 8 


+ 3 ®Q:/uiU2/pp'3/crM4 S ^ a/plp3/p2p4/pcr “1“ A ^pffiifisfcraff 


ap4 

M2P4 


+ 1 ^Jp4P3fp^fp2P4 +|®a/pa/pip3/M2M4] - g^pQ^''O^Tl [fpp2 f^P^fPlPi] 

(3.59) 

It is clear that verifies eq. (3.56). 
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Substituting eqs. (3.59) and (3.58) in eq (3.57), one obtains the following result: 

+ nffinis'^ uf 

+ *^0«/30P-e^i/^2M3M4Tr[3 'DJppJ^pJp.p, - 3 ^JppJp.pJ.p, 


+ 5'Dcifflill2fpp3f(Tp4 S“ 8 '^0‘fpip3fp2P4fpo^ “I" 4 pfPlPafi^C^fI 

+ g '^affiifi3fpaffi2P4 S~ 4 '^afpcrfpip3fp2P4^ 

A ^f Qa0QpcrpPiP2P3P4 p, nl^^fiTrf f f 
^ 1287r^ ^ ^ ^ i/opi/ '-'(J-‘-L J PP2J i'P3J PlP4 


P2P4 


Using linear equations that can be derived quite easily from eqs. (D.3) and (D.4), one may 
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simplify the previous equation and obtain: 


^{cn)(2) _ (3.60) 

where 

^^ = +T£i^ Tr [2 + 10 * ^ 

+ 2 i lDp/^j^3/^2/14/o'a + fS)a//i3/12/po-//13/i4 i'^afpip2fp3lJ'4fpo-^ /q 

+ ^ Tr 942 I)^I),^,^3/^2M4 + ®/./mM3®-//.2/.4 

~ 4 i fpp2fl^P3f■ 

Finally, taking into account eqs (3.61), (3.60), (3.55), (3.54) and (3.51), one comes to the 
conclusion that 

d„ < iF’-'U) >ifs -a,. < >IS= 0. (3.62) 

Let ^]ms{x) and ^]ms{x) be renormalized operators -called normal prod¬ 

ucts [53, 55]- constructed by MS renormalization from the dimensionally regularized currents 
jFn)AJ(^) respectively. Then, the previous equation shows that the difference 

between ^]ms{x) and ^]ms{x) is an operator, say iV[3^^], which does not verify 

dpN[y'^]Ms{x) = 0, even upon imposing the equations of motion. This is in contradiction to 
the classical case. And yet, as we shall see below, both currents, dehned in terms of nor¬ 
mal products, yield, if 0°* = 0, the same chiral charge up to order . But first, let us see 
that the -dependent contributions in eq. (3.62) are not anomalous contributions, but hnite 
renormalizations of the current ^{x)]. Indeed, eqs. (3.62) and (3.46) lead to 

^]ms{x) = + h?dxX^{x) + h^d^Z^, 

where X ^{x) and Z^ are the gauge invariant vector helds in eqs. (3.44) and (3.61), respec¬ 
tively. Then, we introduce a new current, say , dehned as follows 

^ N[jt^^]Ms{x) - h^X>^{x) - ez^{x). (3.63) 

This new current is to be understood as a hnite renormalization of ^]ms{x) , and satishes 

the ordinary U{1)a anomaly equation: 

/ , Nr 

^^^Mm(^) ^ ^Tr^3^2(a^)/M3M4(a^)- (3-64) 

It is plain that = 0 = Z^, ii = 0. Hence, if time is commutative both and 

Ms{x) give rise to the same chiral charge . Integrating both sides of eq. (3.64) 
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over all values of x , one concludes that, unlike its ordinary counterpart, the quantum 
is no longer conserved in the presence of topologically nontrivial held conhgurations: 


= +oo) - = -oo) = ^ Tr= 2iV/ (n+ - n_). (3.65) 

The integers n± are dehned in eq. (2.28). To obtain the result in the far right of the previous 
equation we have used the temporal gauge ao(a;) = 0 and the boundary conditions in eq. (2.27). 
Again, eq. (3.65) is the spitting image of eq. (3.48). This is no wonder since, as we shall see 
next, the MS renormalized and agree up to second order in h, at the least. 

Using the identities in eq. (3.49), one can show that the following equations hold for = 0: 


i?* denotes the operator 

+ lN[ijjY'y5Di'DjDf'i/j]Ms + o{h^). 


Then, 


Qf' = j £x Nl]t%,s = j <fl + j <fl a. R' = q 7' + o(ft’). 

We have assumed that the helds go sufficiently rapidly to zero at spatial inhnity so that the 
last integral vanishes. 


4 Nonsinglet chiral currents are anomaly free 

The SU{Nf)A_ canonical Noether current, i.e., the canonical nonsinglet chiral current, reads 

7 ”)““ = Y.'t’f'HTf/.i,,,. 

//' 

Where Ti is the object that is left after removing from in eq. (2.10) the helds tjjf and 
ipf. We also have the nonsinglet current, ^ which is the analog of the singlet current 

gq_ (2.14): 

//' 
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These two nonsinglet currents are divergenceless classically since the classical theory has the 
SU{Nf)A symmetry in eq. (2.8). The dimensionally regularized currents constructed from 
j(cn)ati j(np)afi Verify the following equations 

9,. < if”’"" >'■"'= a, < +9,T„'‘|. . 

9,. < ih””" 2 E/.r ■ 

Here, = X]^ is obtained by stripping tjjf and tjjf off the r.h.s. of 

eq. (3.53). Now, since the kinetic terms and vertices of our noncommutative theory are in 
flavour space proportional to the identity, it is clear that the contributions to the r.h.s. of 
the equalities in eq. (4.1) can be obtained from the corresponding singlet contributions by 
multiplying them by TrT“ -see eqs. (3.26), (3.30), (3.43), (3.44) and (3.53), and diagrams in 
Figs. 1, 2 and 3. But, TrT“ = 0, so that 

0 , 0 . 

We have thus shown that, at least at the one-loop level and second order in h, the quantum 
nonsinglet currents of the SU{Nf)A classical symmetry of the theory are anomaly free. 

5 Summary and conclusions 

In this paper we have obtained, at the one-loop level and second order in 6 ^’^, the anomaly 
equation for the canonical Noether current in eq. (2.10)- of the classical U{1)a sym¬ 

metry of noncommutative SU{N) gauge theory with massless fermions. All along this paper 
the physical 6^'^ has been considered to be of “magnetic” type: = 0. We have shown 

that the current can be renormalized to a current - in eq. (3.63)- such that the 

anomalous contribution to the fourdivergence of the latter is just the ordinary anomaly. This 
is a highly nontrivial result since, a priori, there are d^‘'— dependent candidates to the U{1)a 
anomaly such as 

npa p1p.2p.3lJ.4rY \ f f f ] /ii/i 2 At 3 M 4 Tr f f f pin 

^ ^ [J (T^lJ P^4.\'l 1/ 1/ c j-i J ^1^2 J pzpjjiJ OipJ IJa ’) ChU... 

We have shown that all these would-be anomalous contributions neatly cancel among them¬ 
selves -see eqs. (3.30), (3.41) and (3.42). We have also studied the anomaly equation for 
other noncommutative currents that are classically (covariantly) conserved as a consequence 
of the U{1)a invariance of the classical action. These currents go under the names of 
and and their (covariant) fourdivergences in the MS scheme are given in eqs. (3.14) 
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and (3.46). Classically, the current is also a Noether current, for it is related with the 

canonical Noether current by eq. (2.26) -see also eq. (2.12)-. This relationship does not 

hold for the MS renormalized currents. However, at the one-loop level, we have been able to 
introduce a current in eq. (3.47)- which is obtained by nonminimal renormalization 

of and whose difference with is a certain satisfying the criteria in eq. (2.13). 

We have also shown that, at least up to second order in 9^’^, all the U{1)a currents 
considered above yield the same chiral charge, say , if = 0. Of course, this 

classically conserved charge is not conserved at the quantum level, but verifies the following 
equation; 

g(cn)(^ = +oo) - = -oo) = ^ Jd'^x Tr= 2iV/ (n+ - n_). (5.1) 

To obtain the result in the far right of the previous equation, the temporal gauge, ao{x) = 0, 
has been used and the boundary conditions in eq. (2.27) have been imposed. The integers n± 
are dehned in eq. (2.28). The identity on the far right of eq. (2.29) puts us in the position 
of giving to eq. (5.1) a clear physical meaning. What eq. (5.1) shows is that in any quantum 
transition from t = —oo to t = -|-cx) that involve a change in the topological properties of the 
asymptotic gauge fields -i.e., n+ — n_ = n 7 ^ 0-, there is, for (n < 0)n > 0 , a transmutation 
of the (right-) left-handed fermionic degrees of freedom at t = —cx) into (left-) right-handed 
degrees at t = 00 . For instance, take n > 0 , then, if in that transition the fermionic part of 
the physical state at t = —00 is constituted by nNf left-handed fermions, then, the fermionic 
part of the physical state at f = -|-cx) will be made of nNf right-handed fermions. Of course, 
there will be “compulsory” creation of fermion-antifermion pairs at f = -|-cx), if there are 
no fermionic degrees of freedom at t = —00 . It is well known that these phenomena also 
occur in ordinary space-time, so introducing noncommutative space-time does not change the 
qualitative picture; it does change, however, the quantitative analysis of these phenomena. For 
instance, upon Wick rotation the dominant contribution to the path integral coming from the 
gauge fields is a certain deformation of the ordinary BPST instanton. This deformation, 
in turn, gives rise to a dependent effective ’t Hooft vertex. We shall report on these 
hndings elsewhere [59]. 

Next, taking into account that we have shown that = Qf\t) is verihed 

at least up to second order in 9^^ and the fact that eq. (3.16) is valid at the one-loop level and 
any order in 9^'^ , it is not foolish to conjecture that eq. (5.1) will hold at any order in 9'^‘' . 

Now, since in our computations the actual properties of T“ -the generators of SU{N)- 
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have played no role, barring its hermiticity and the cyclicity of trace of any product of them, 
we conclude that all our expressions are valid for SO{N) groups. Our expressions are also 
valid for U{1) provided we replace with Q • Q being the charge of the fermion coupled 
to the U (1) field a^j,. 

Finally, it is quite obvious how to generalize our expressions to encompass the situation 
where several representations -labeled by R- of the gauge group are at work in the fermionic 
action. Let us give just one instance. Assume that we have N\ fermions which couple to 
the gauge field, a/j , in the TZ representation of the gauge group. Then, eq. (3.64) will read: 

7 ^ 

with 


n TZ TZ 

The gauge helds in ^ are all in the TZ representation of the gauge 

group. 
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Appendix A 


In this Appendix we give the Feynman rules needed to turn into mathematical objects the 
Feynman diagrams displayed in this paper. These Feynman rules are in Fig. 5. 





+Pa[qiiap{q) - qpap{q)]} 


^ {Pp(^Ap)aii{q) + k'^p[ap{p)aa{q) + ap{q)aa{p)] + P/.Op(p)a^(g)- 

-Ppap{p)a^iq) + r^[ap{p)ap{q) - ap{p)ap{q)]}-- 



^ -2i ( 7 ® 7^)„/3 Ap,ijiQ) 

g*|(g+p)op' ^-i^qop 




Fig. 5. Feynman rules 
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Appendix B 

In this Appendix we display some equalities verified by the “ D-dimensional” Lorentz covari¬ 
ants introduced in ref. [52], which are used in our computations. 

g^''gup = g'^, g]l = 2e, 

{Y, Y} = { 75 , 7 ^} = { 75 ,7'"} = 2757 ^, 

= 

2 [trysjy^b _ _ _ ^M2fc _|_ trysy^^ {7^b 7^®} • • • 7^^'' + ■ ■ ■ + trysy^^... {7^b 7^^}] • 

(B.2) 

tr-f^YY^^ = 0 , tr757^i7^2^^3 ^ g, ^ 757 ^ 1 ... 7 ^" = itrle^^-^h 

tr 757 ^^ ... 7 ^® = tr I E ^P ^/^1 1 /^g + l ■■■M 6 g^p^q 

P<Q 


= 0 , 

[ 75,71 = 0. 


(B.l) 


Appendix C 


Here we include the list of the dimensionally regularized integrals that are need to work out 
the would-be anomalous contributions. The dimensional regularization regulator e is equal to 
. Contributions that vanish as e —0 are never included. The symbol “ ~ ” shows that 
we have dropped contributions of the type , where O is an evanescent tensor, for they are 
not actually needed: they are subtracted by the renormalization algorithm. 


d^p 


•f (2v7^ {p~o.)^{p~bp{p—c)'‘ 

J_Yp _ PaPl3 


_ J d^p 
647r2e^^d, 




327r2 ’ 


(27r)-^ p2(p—a)2(p—6)2 

r d^p _ p'^papp __ -i I ^ I In ^1 

J (27r)^ (p—a)^(p—b)‘^(p—c)^(p—d)‘^ 4!87r^ 

/(27p (p-a)2(p-t)2(p“c)2(p-d)2 = 6(4;^{(® ^ h d)a + ^ YY + 

r d^p _ P^P^PaPfi _ _ -i ^ n ... -I- A 

J (27r)^ (p—a)^(p—b)^(p—c)^(p—d)^(p—e)^ 4!87r^ ^yoi/3 j ■) 

I 


+ d)i 


p’^PaPft 


d^p 

(27r)-^ {p—a)‘^{p—b)‘^{p—c)‘^ 


2(47r)^ 


2Aq,^ -f ^AafS + 


24(47r)- 


■{Y + b^ + Y- a-b-a-c-b- c)}^gai 3 + 


I 


d^p _ 

(27r)-^ (p—a)‘^(p—b)'^(p—c)‘^(p—d)'^ 


Aafd = + babjd + CaCfd) + -^{dabp + daCp baCp -f Q: <->■ /3), 


P PaPpPp 


4!327r2 


-|- 6 -|- c -|- d)p Qapid + 5 + c -1- d)fd -\- gfdpid -|- 6 -|- c -|- d)^ 
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rsj 


I 


P^P^PaPP 


d^p 

(27r)^ (p—a)‘^{p—b)‘^{p—c)^{p—d)^ 

ggl^ gai3^a^ + b'^ + + (f - a ■ {b + C + d) - b ■ {c + d) - c - d^, 

3847r^ 1^20^0^ + 2babp + 2CqC^ + 2dadfj + [ 00(6 + C + (i)^ + 6 q,(c + (i)^ + Cadf^j + Q; 

d^p 


r « P P PaP0PpP(T -i ] ^ ^ I ^ ^ I ^ ^ 

J ( 2 ;;^ p^(p-a)^(p-fe)^(p-c)^(p-d)^ ~ 153671^ \9al3gpa + gapg^a + ga^g^p 


Appendix D 


In this Appendix we shall work out a number of identities among the terms on the r.h.s of 
eq. (3.41) and explain how to use them to obtain our hnal answer for given in eq. (3.42). 

Let Le an object with indices /ij, i = 1 ■ ■ ■ n, where /i* = 0,1, 2, 3 Vi and n > 4. 

Then, if [pip 2 ■ ■ ■ Pn] stands for antisymetrization of the indices, we have 


^[piP2---Pn] 0- 


Taking into account the previous identity, the cyclicity of Tr and the antisymmetry properties 
of 6^41/^2^3/74 ^ Q]^g obtains the collection of beautiful identities displayed below: 


1 


npcr iiip.2P3Pi Tr f r f f 1 — n ^ ap<^ MP2P3PA Trlf f f_f f fl— n 

*7 t J-J- J u\piJ P2P3J Pip] — A) ^ U <z ±1 [./crpi J/42/13 Jp/14 /, J P1P2J P3P4J o-pj ~ 


(D.l) 


cPlp2p3p4 


Tr !X)q/p[(j2D/3Aip2/p3/44] 0 


gPlP2/43P4 Tr [Dq/p^D/3Ai;, 2//43P4 + 2Da/ppiD/3/p2/43/p44T + 2 D«/pp3D^/p4^/pjP2 ] = 0, 
gPiP2/43/44 TrD,/[pp3S)^A,P3/p,]. = 0 ^ 

gPl/72/43/74 Tr [2^afppi^Pifp2P3fp4<T + ‘^^afp2P3^gfp4pfpia + ^afpip2^pfpsPAfpa] = 0, 
gPi/42/43/44 TrD„/[<,pjD^/|p|pJp3P4] = 0 ^ 

g/4lP2/43P4 Tr [2^afapi^pfpp2fp3P4 + 22)„/p2p3®/3/pp4/<TA41 + ^afP 3 P 4 ^0fpafP 1 P 2 ] = 0- 

(D.2) 






fa^fp[afpip2fP3P4] 0 ^ 

gPiP2P3P4 Tr [fa0fpafpip2fp3P4 + 2/a/3/ppi/p2P3/p4a + fa0 fpp 3 fP 4 a fP 1 P 2 ] = O 7 
fpa f0[afpip2fP3P4] ^ ^ 

gPlP2P3P4 Tr [fpaf0afpip2fp3P4 + 2/pa//3pi/p2P3/p4a + ‘^fpaf0pjpiafpip2] = 0, 
gPiP2P3P4 Tr /P[^/|„/3|A3P2A3P4] = 0 ^ 

gPiP2P3P4 Tr [fpafa0fpip2fp3P4 + ‘^fppJa0fp2P3fp4a + ‘2fppja0fp^afpip2] = 0- 


(D.3) 
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Tr/a/3/[o-/ii/|p|/i2/M3/i4] — 0 

g/4lM2/43M4 Tr + 2/„/3/;,i^2/p^3/^4a + /a/3//.3M4/p<T/MlM2] = 0, 

gWM2M3/44Tr/„[^/|^p|/^4^J^3^4] = 0 ^ 

g/4lM2/43M4 Tr [faaf0pfpip2fp3P4 + ‘^fapif0pfp2P3fp4a + ‘2fap3f/3pfp4<Tfpip2] = 0, 
g/4lM2M3/^4 Tr = 0 ^ 

g/4lM2/43M4 Xr [2fpc,fapjpp2fl43l44 + 2/pa/^i;,2//3^3/^4a + 2. fpo, fpzpjfSa fp^p^] = 0, 

gWM2M3/44 Xr /^[^/|„|^ Jl^l^ = 0 ^ 

e/4iM2/43M4 Xr [fp^fapjf3p2fp3f44 + ‘^fppjap2ff3p3ff44a + ‘^fpp 3 fop 4 fpafpiP 2 ] = 0, 
eWM2M3/^4 Xr /„[^/|^|^ Jl^l^ = 0 ^ 

^piP2P3t44 Xr [fciafppif/3p2flJ-3t44 “1“ ‘^fapifpp2fl3p3fl44<^ “1“ /0/43/p/44//3cr//li/42 + f ap 4 fpa fl3pi f^ 2 ) 43 ] 
We shall also need the following identities: 


= 0 . 
(D.4) 


^>4,p2>43P40440Qpa Xr S)„S)^/^3^3S)^S)<4 /p 2P4 

= e^l^2^3M40«/30p.Xr [S)«(D,/^3^3S)^S)<4 /p 2P4) +*Sa/piP3/p.S/3//42P4], 
gPiP2P3M40a/30paXrD,^4^3D„/^,^4//3. = e^l^^^3M40«/30p.Xr [Dp(/p4p3Sa//42M4//3a&*l?) 

2®a/p2P4®/3/po'/piP3 2f^41^43fp<4tfp2P4f|3a 2fpiP3fp2P4fpoifl3a~\- 

Substituting the two previous equations in eq. (3.41), one gets 
^(2) = ^gmP2/43P40«/30P.Xr + l,^p{U,p,^Jp,pj0a) 

<4tfpipz'^pfP2P4fpa 4“ i92®«/pa-®/3/pip3/p2P4 4“ afpp 2 '^pfapzfpip4 

4“ 'iQfpplJ^°‘p2fpP3f4rp4 4“ iQfpp2fpiP3f(4P4fpa 4“ '^fpip2fppzfPp4fcta 4“ '^fpip2fpP3foip4fpa 
4” f pp 2 f plp3 f Pt^fap/I, 4“ '^fap2fpip3fp<4fpP4 p2P3f Plp4f ppfoia 192 f plPzf P2p4fcipf p(4 

~ 3Mfplp3fo!pfp2P4fpo-~\ 

_^,mP2P3/440^V.^p.XrS)/3S)4^(2D^S).^4^3^,^4 + ^pfp,p,^Jp,p,) - i,fppJup2fp3P4]- 

(D.5) 

Let us introduce next the following shorthand 

= ,P^P2P3P4QaPgparj^^ [D« /p.D/^/pi P2/m3 M4] , 2:2 = e^lA^2/^3M40a/30p.Xr [Da/p4p,D/3/p./p3P4] , 

= e^i^2'^3M40«/30P.Xr [Da/p4p2S/3/p2P4/p j, 2:4 = e^iA*2/^3M40«/30P.Xr [Da/pp4D/3/.p2/p3M4], 

= ,PiP2P3P40aP0pa^^ [T)Jpp^^fsfp2P3U4], ^6 = [DJp,p,^0fppJ^p,] . 

The objects a;*, f = I,-- - ,6 are not linearly independent. They are related by the three 
identities in eq. (D.2). These identities read 


Xi — 2x5 — 2x4 = 0, —2x5 ~ 2x6 4- X3 = 0, —2x4 — 2x6 4- X2 = 0. 
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This liner system can be solved yielding the following resnlt: 

111 
X4 =-{xi + X2 - X3), X5 =-{xi - X2 +X3), Xe = -{-X1+X2 + X3). 

It is not difficult to convince oneself that xi, X 2 and 0:3 are linearly independent. We shall 
employ the previous result to express the sum of the terms on the r.h.s of eq. (D.5) with only 
two covariant derivatives as follows: 

3 ^'^afHills'^fsf 1121^4!afP. 2 P 4 + ^ 2 !)a/p^ 2 ®~ 

~ 192^1 + J^X 2 — -^X 3 = — X 2 ) + 9 g(a ^2 — 2 : 3 ). 

Using eq. (D.2) and the cyclicity of the trace, one can show that 
x,-X 2 = Tr 

X2-X3 = - ^fapf^,^ 42 fp<^fp 3 P 4 + f//. 1 M 2 /c/^/p^T^ 


(D. 6 ) 


/ /i3M4 


]■ 
(D.7) 

Substituting eq. (D.6) in eq. (D.5), and then using the identities in eq. (D.7), one obtains the 
following intermediate expression for : 

T 384®d(®Q/po'/piP2/p3/44) ffi 13af(Mlf42 fp(TfP 3 P 4 ) 

T 'lQfppifafl2fl3p3f(yp4 ffi lg/pP2/'plp3/ctp4/'/3cr T '^f ^1^2 f PPsf f3p4f(4U T ^/'piP2//3p3/'aP4/'po' 

ffi '^fpp2fpiP3ff3<^fctP4 d" '^fa^2fplP3fpo'ff3p4 P2P3fPlP4fPl3fatT i2gfpiP3fapfp2P4fpO'~\ 

(D.8) 

Let us hnally show that the contributions on the r.h.s. of the previous identity which are of 
the type eOOTiffff , with obvious notation, add up to zero. To make the discussion as clear 
as possible, we shall introduce the following notation; 

^3 = e^i/^2A^3P40ah0P.Tr y, = , 

y^ = ,P4P2P3P40ah0P.Tr[/,,/^,^J^.^3^J, 1/8 = 

y^ = yio = 

y^^ = , 1/12 = 

These objects are not linearly independent since they verify the linear equations in eq. (D.3) 
and (D.4). These linear equations read 

yi - 2yi - 2 y 3 = 0 , ye- 2yg - 2y8 = 0 , yi - 2 y 3 - 2yi = 0 , 

y2 - 2y3 - 2//5 = 0 , 1/6 - 2//10 - 2yg = 0 , //7 - 2//8 - 2yig = 0 , 

1/3 - 2//11 - yw -1/9 = 0, 1/8 - 2//12 + yw - //4 = 0, 


45 



where the symbols Hi have been introduced above. The previous linear system can be solved 
in terms of, say, |/i, 1/2 , and yj . The solution is the following: 

1/3 = i// 2 , 1/4 = \yi - i// 2 , yb = \y 2 y% = i//7, 1/9 = \y& - \y7, yio = jy? 
yii = |//2 — jye, yi 2 = —\yi + \y 2 + \y7- 

Using this result, one can easily show that the following equation holds 


rq_ ^ ^ ^ ^ ^ ^ r _L f f ff 

u w \_iqJ pp.\J a^2J P^J■3J ' IQJ pp,2J PlPsJ ctpiJ pa ~ ^2J PP3J PP4,J eta 

'^fplp2fl3p3fo‘pifpee T '^fpp2fplp3fyetfoip4 T '^fap2fplp3fpe^fyp4, '^fp2P3fplP4fpyfet 

~ 128 J^PIP3 faf3fp2P4 fpal 

— 16^11 16^9 T ^^10 ~ ^^5 + ^ 1/8 ~ ~ — 0 . 


By substituting this result in eq. (D.8), one obtains 


^(2) = ^,Ml/.2M3/.40«//0P<XTr[+ + l,^p{U4P3^aU2P4fpa) 

'^'^l3i'^afpafpip2fp3P4) T afPi^ 2 !pafP3P4)~\ 


This is eq. (3.42). 
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